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Abstract

We generalize to the bandwidth coloring problem a classical theorem, discovered independently by Gallai, Roy and Vitaver, in the context of
the graph coloring problem. Two proofs are given, a simple one and a more complex one that is based on a series of equivalent mathematical
programming models.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs considered in this paper have no loops and no multiple edges. For a graph G, we denote V its vertex set and E its edge
set. A strictly positive integer weight d;; is associated to each edge {i, j} € E. A k-coloring of G isafunctionc : V — (1,2, ..., k},
and it is said d-legal if |c(i) — c(j)| > d;; for all edges {i, j} € E. The d-chromatic number, x4(G), is the smallest integer k such
that a d-legal k-coloring exists for G. Finding the d-chromatic number of a graph is known as the bandwidth coloring problem [7,
8]. When d;; = 1 for all {i, j} € E, the problem reduces to the well-known graph coloring problem, which is NP-hard [6]. In this
case, the d-chromatic number is simply the chromatic number, denoted x (G).

An orientation of a graph G is a directed graph, denoted G, obtained from G by orienting each edge {i, j} € E from i to j
or from j to i. In other words, forqeach edge {i, j} € E, there is one corresponding arc in G, either (i, j) or (j,i). Theqweight
of an arc (i, j) in an orientation G of G is the weight d;; of the corresponding edge {i, j} € E. An elementary path P in an
orientation G of G is a sequence (i1, ..., ip) of distinct vertices such that (i;, i;11)({ =1,..., p— 1)isanarcin é, and its length
L(13) is the total weight Zl’:ll dijiy,, - A circuit C in an orientation G of G is a sequence (if, ..., ip) of distinct vertices such that
G, i+ =1,..., p—1)and (ip, i1) are arcs in G. We denote {2(G) the set of all orientations of G, and A(é) the length of a
longest elementary path in G.

Gallai [5], Roy [9] and Vitaver [10] have independently proved the following classical theorem:

Theorem 1. x (G) =1+ minGEQ(G) A(é).
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Deming [3] has proved the following stronger result which states that the determination of the chromatic number can be
represented as an optimization problem over the set of circuit-free orientations of graphs:

Theorem 2. Every graph G admits a circuit-free orientation G such that x(G)=1+ k(é).

For variations on these theorems, the reader is referred to Chang et al. [2] and de Werra and Hansen [4]. In this paper, we give
two proofs of the following generalization of Theorems 1 and 2 to the bandwidth coloring problem.

Theorem 3. x,;(G) = 1 + minée()(c) k(é). Furthermore, there exists a circuit-free orientation G* of G such that xq(G) =
1+ A(G).

The next section contains a simple proof of Theorem 3, while Section 3 presents a more complex proof that uses a series
of equivalent mathematical programming models (two models are equivalent if their optimal values are equal for all problem
instances). Thus, we not only generalize the Gallai—-Roy—Vitaver theorem to the bandwidth coloring problem, but we also suggest
several equivalent mathematical programming formulations which can be used to develop various solution algorithms for the
bandwidth coloring problem.

2. A simple proof of Theorem 3

A simple proof of Theorem 3 can be obtained with the help of the following lemma.

Lemma 4. For every graph G there exists a circuit-free orientation G* of G such that X(a*) = minaeQ(G) k(é).

Proof. Consider an orientation G’ of G such that k(é’) = minéemG) A(é). Let A = {(i1, j1), ..., (im, jm)} be the arc set of é/,
where m denotes the number of arcs, and assume that the arcs are labelled so that d; vip = d,q Ja forall 1 < p < g < m. Consider
the orientation G* of G with arc set A* obtained from G’ as follows
Set A* < ;
For p = 1tom do
If A* contains an elementary path linking j, to i, then set A* <= A* U {(j,, i)}
Else set A* <— A* U {(ip, jp)}.
If follows from the above constructlon that G* is circuit-free. Assume that A(G*) > A(G ), and let P = (uy,...,u;) be an
elementary path in G* of length L(P) = A(G ). Since at least one arc on P does not belong to G', consider any index p €
{1,...,r—1}suchthat (u,, up.1) € A* while (up11,u,) € A’ Then there is an elementary path P’ = (up = v, ..., vy = Up11)
linking u, to u 41 in G* containin only arcs that have been introduced int_(? A* before (u,, upi1). Hence, d, Vel = dupuerl for
alls = 1,...,9 — 1, and since P’ contains at least two arcs, we have L(P’) > dupu,,+.~ Note that u, and u, are the unique
vertices belonging to both P and 13’, else G* would contain a circuit. Hence, (uy,...,up = v1,...,04 = Upy1,...,U;) is an

elementary path in G* of length L(13) + L(16 ) — > L(ﬁ) = A(é ), a contradiction. We therefore have A(é ) < A(é’ ),
and since A(G ) = ming 2(G) A(G) we conclude that G* is a circuit-free orientation of G with A(G*) = ming,_ 2(G) A(G) |

up p+l

Proof of Theorem 3. Consider a circuit-free orientation G* of G such that A(G*) = ming, 2(G) A(G) The existence of such an
orientation follows from Lemma 4. For every i € V, define (i) equal to 1 + the length of the longest elementary path entering i in
G*. Then c@i)efl,..., 1+ A(G )} forall i € V,and ¢(j) > ¢(i) + d;; for all arcs (i, j) in G*, which means that ¢ is a d- -legal

(1+A(G*))—color1ng of G. Hence,

xa(G) <1+ min A(G). (a)
Ge2(G)

Consider now any d-legal x4(G)-coloring ¢ of G and define G* as the circuit-free orientation of G obtained by orienting every
edge {i, j} € E fromi to j if and only if ¢(i) < c¢(j). Let P = (i1, ..., i) be a longest elementary path in G*. We then have

“min A(G) < A(G*) = L(P)
Gef2(G)

p—1 p—1
=Y diiy, < Y _(clirgr) — c(ip)
=1 =1

= c(ip) — c(ih)
< xa(G) — 1.
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Using inequality (a), we conclude that x;(G) = 1 + k(é*) =1+ minée()(c) A(é). |
3. Mathematical programming models for the bandwidth coloring problem

We now give a more complex proof of Theorem 3 that is based on a series of equivalent mathematical programming models.
For every model M, we denote Z(M) its optimal value and z,7 (x) the value of a feasible solution x to M. The following nonlinear
integer programming model, M, is based on the definition of the bandwidth coloring problem. It provides an optimal solution to
the problem and an optimal value Z (M) equal to x4(G) — 1.

minimize zy,(c, k) =k —1

subjectto  |¢; — ¢j| = d;j V{i,jl e E (a) (1)
1<c¢ <k VieV (b)
¢; integer VieV. (©)

M,

By imposing constraints (1)(a)—(1)(c), it is clear that the variables ¢; define a d-legal k-coloring, provided k is an integer, which
is necessarily the case at optimality (otherwise, one could set k = max;cy{c;} to obtain a feasible integer solution with a lower
objective value). Since we are minimizing k, we have k = x4(G) in an optimal solution to this model.

Proposition 5. Model M is equivalent to its continuous relaxation M, obtained by dropping the integrality requirement (1)(c):

minimize  zp,(c, k) =k —1
subject to  constraints (1)(a) and (1)(b).

Proof. Since M; is a relaxation of M|, we have Z(M) > Z(M,). Conversely, to show that Z(M,) > Z(My), it is sufficient to
prove that from any optimal solution to M5, we can construct a feasible solution to M; with the same objective value. Let (c, k)
be an optimal solution to M> and define (c, k) as follows: ¢; = |c¢;] for each i € V. Clearly, this solution satisfies constraints
(1)(b) and (1)(c). To show that it also satisfies inequality (1)(a), let us assume the contrary: there exists an edge {i, j} € E such that
[ci —¢j| < d;j. Without loss of generality, we can assume ¢; > c¢;, which implies ¢; — ¢; > d;j and ¢; — ¢; < d;;. But then, we
have: ¢; > ¢j+d;j > ¢j+d;; > ¢;, a contradiction, since ¢; +d;; is an integer that would be smaller than or equal to ¢; but greater
than the largest integer smaller thanc;. W

Proposition 6. Model M is equivalent to the following formulation M3, where the notation a™ stands for max{0, a}:

minimize zy;(c, k) =k —1+ Z (dij — lei — cj|)+
M3 {i,j}€E
subject to  constraint (1)(b).

Proof. First note that if |¢; — ¢;| > d;j, then (d;; — |c; — cjl)+ = 0. Using this observation, we have z,, (c, k) = zum;(c, k) for
every feasible solution (c, k) to M>. Hence, we can replace z,, (¢, k) by zp; (¢, k) in M» to obtain an equivalent model. Now, if we
drop constraint (1)(a), we obtain model M3, which therefore provides a lower bound Z(M3) on Z(M>).

It remains to prove that Z(M3) > Z(M>). Let (c, k) be an optimal solution to M3. As observed above, if constraint (1)(a) is
satisfied, (c, k) is a feasible solution to M> with zy, (¢, k) = zm;(c, k). So, let us assume that at least one edge {u, v} € E violates
constraint (1)(a), i.e., |c, — ¢y| < dyv, and, without loss of generality, that ¢, > ¢,,. We then define ,,, = dy;, — (¢, — ¢y) > 0 from
which we derive the following new solution (¢, k) to M3:

s = ci ifi =vorc; <cy
"7 )¢ 4+ 68,0 otherwise,
k=k+ 8.
We prove that |[¢; — ¢;| > |c¢; — cj| for all edges {7, j} € E. Consider any edge {i, j} € E, and assume, without loss of generality,
that ¢; > Cj. Iij = ¢j, then ¢; > ¢; > cj = Ej, which implies |ci —Ej| = ¢ — Ej > ¢ —Cj = le; — Cj|. Otherwise,
Cj = ¢j + 8yy, which means that ¢; > ¢; > ¢, > ¢,. Then, there are two cases: (1) if i = v, then ¢; = ¢; = ¢, which implies
[ci —Cjl = 6uy > 0=|c; —cjl; (2)if i # v, then ¢; = ¢; + 8,p, Which implies |¢; — ¢;| = |¢; — ¢jl.

As a consequence, no constraint of type (1)(a) satisfied by (c, k) is violated by (c, k), since [ci —¢jl = |ci —¢j| = d;j, for all
edges {i, j} € E satisfying (1)(a). When {i, j} = {u, v}, we have d,,, — [c, — ¢y| = dyv — (cy — ¢cy) — 84y = 0. This implies that
constraint (1)(a) for edge {u, v} is no more violated in solution (c, k).

By optimality of (c, k), we have zp, (¢, k) — zp,(C, k) < 0. But, we also have:

e k) =@ ) = (k=D + > dij—lci—cihT—k-1)— > dj—le—cih*
{i,j}eE {i,jleE
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= k=5 + ([ — (cu —c)) =y — @ =N+ Y (& —&I" =l —c;I™)
{i,j}eE\{u,v}

> (k— (k+8uy)) + ((cy — cy) — (cu — ¢y) — Suw)

= 0.

Thus, the new solution (c, %) is also optimal for M3, but, compared to (c, k), it has at least one additional constraint of type (1)(a)
that is satisfied, and no further violated constraints of this type. Hence, by repeating the same argument a finite number of times,
we would eventually derive a feasible solution to M5 having the same objective value. W

For each edge {i, j} € E we now introduce two new variables a;; and b;; defined as follows:
aij = (dij — (cmini, j) — Cmax(i,j)) 2)
bij = (dij — (Cmax{i,j} — Cmin{i,j}) " - €)]
Proposition 7. Model M3 is equivalent to the following formulation My:

minimize  zy,(c,k,a,b) =k -1+ Z min{a;;, b;;}

{i,jleE
M, subject to  constraint (1)(b) and @)
ajj > (dij — (Cmini,j} — Cmax{i,j})) Vii,jle £ (a)
bij > (dij — (Cmax{i,j} — Cmin{i,j})) Vii,jle E (b)
a,'j,b,‘j >0 V{i,j}GE. (c)

Proof. Consider any feasible solution (c, k, a, b) to M4. Constraints (4)(a)—(4)(c) are equivalent to imposing a;; > (d;j — (Cmin{i, j} —
cmax{i,j}))Jr and b;; > (dij — (Cmax{i,j) — cmin{,-,j}))f Hence, Z(M3) < Z(My) since (c, k) is a feasible solution to M3, and the
following inequality is valid for every edge {i, j} € E:
(dij — lci — c;DT = (min{d;j — (cj — ¢i), dij — (ci —c;))PDT
= min{(dj; — (c; — )", dij — (ci —c;)T)
< min{a;;, b;;}.
The above inequality becomes an equality when g;; and b;; are defined according to (2) and (3). Hence, given any feasible

solution (c, k) to M3, the solution (c, k, a, b) obtained by using definitions (2) and (3) is feasible to My and zp,(c, k) =
zm,(c, k, a, b), which means that Z(My) < Z(M3). W

Let A be the set of ordered pairs (i, j) with {i, j} € E. Hence, for every edge {i, j} € E, there are two elements (i, j) and (j, i)
in A. Let A~ be the subset of pairs (i, j) € A withi > j, and let A< be the subset of pairs (i, j) € A withi < j. Definitions (2)
and (3) are equivalent to

ajj if(i,j)e A<

(dij — (ci —¢j)) {b,.., if (@, j)eA”.

Hence, by defining #;; = a;; if (i, j) € A= and t;; = b;; if (i, j) € A™, definitions (2) and (3) are equivalent to

tij = (dij — (ci — ;)T VG, j) € A. )

Proposition 8. Model M4 is equivalent to the following formulation Ms:

minimize  zys(c,k,t,y) =k —1-+ Z Vijtij
(i,j)€A
subject to  constraint (1)(b) and
Ms tij = (dij — (ci —¢j)) Vi,j)eA (a) (6)
tij >0 V@, j)eA (b)
vij +yji =1 V{i,jte E (c)
vij € {0, 1} V@i, j)eA. (@)
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Proof. Let (c, k,a,b) be a feasible solution to My, and let (c, k,t,y) be the feasible solution to M5 obtained by defining
variables #;; according to (5), and by setting y;; = 1if t;; < tj;, ort;; = tj; andi < j, and y;; = O otherwise. We have
Zmy(c, k,a,b) = zys(c, k, t,y), since min{a;;, b;;} = min{t;;, t;;} = t;;yi; + t;;yj; for every edge {i, j} € E, which proves that
Z(Ms) < Z(My).

Consider now an optimal solution (c, k, t, y) to Ms. We necessarily have t;;y;; + t;;y;; = min{t;;, ¢;;}, else a better solution
could be obtained by permuting the values of y;; and y;;. Let (¢, k, a, b) be the solution to M4 obtained from (c, k, ¢, y) by setting
@ij = Imin{i,jymax{i,j} and b;j = tmax{i, jymin{i,j} Tor every edge {i, j} € E. The nonnegativity constraint (4)(c) of My is satisfied
since ¢;; > 0 for all (i, j) € A. Constraints (4)(a) and (4)(b) of M are also satisfied by (c, k, a, b) since

@ij = tmin{i, jymax{i,j} = dij — (Cmin{i, j} — Cmax{i,j})» and

bij = tmax{i, jymin{i,j} = dij — (Cmax{i,j} — Cmin{i, j})-

Hence, (c, k, a, b) is a feasible solution to My, and zp,(c, k,a,b) = zys(c, k, t,y) since t;;y;; + tj;y;i = min{t;j, tj;} =
min{a;;, b;;} for every edge {i, j} € E. This proves that Z(Ms) > Z(M4). R

Formulation M5 can be viewed as a bilevel programming model. Indeed, let Y be the set of | A|-dimensional vectors satisfying
constraints (6)(c), (6)(d) of Ms5. The problem of finding an optimal solution to M5 for a fixed y € Y can be formulated using the
following model Mg(y):

minimize  zZpyp(c, k, 1) =k —1+ Z Vijtij
Me(y) (i.j)€A
subject to constraints (1)(b), (6)(a) and (6)(b).

Hence Z(M5) = minyey Z(Mes(y)), and Mg(y) is equivalent to the following model, obtained by a simple change of variables,
namelylgzk— land ¢; =c¢; — 1 foralli € V:

minimize  zpg(y) (G, k, 1) = k + Z Yijtij
(i.j)eA
subjectto & — & +1;; > d; V@i, j)eA (a)
Me(y) k—&>0 VieV (b )
tij = 0 Vi, j)eA (o)
&3>0 VieV.

This problem is feasible, since k=0, ¢ =0(@ € V), and t;; = d;;j((i, j) € A) define a feasible solution to Mg(y). As
Z(Mg(y)) > 0, it also has a finite optimal value. Hence, it is equivalent to its dual, defined using the variables x;; associated with
constraint (7)(a) and s; corresponding to constraint (7)(b):

maximize Zpg(y)(x,s) = Z dijxij
(i,j)eA

subject to Zsi =1 (a)

ieV
M7 (y) . Z Xij — . Z Xji—s5 =<0 VieV (b) ®)

Jl.)eA J1G.HeA
Xij = Yij V@i, j)e A (c)
5;i =20 VieV (d)
xij =0 Vi, j)e A (o

Since Mg(y) and M7(y) are dual problems, we have Z(Mg(y)) = Z(M7(y)). Every y € Y corresponds to an orientation of
G, denoted éy, obtained by choosing the orientation (i, j) for edge {i, j} € E if y;; = 1, and (j, i) if y;; = 1. By adding a
nonnegative slack variable to each constraint (8)(b), we obtain flow conservation equations having the following interpretation:
each of these nonnegative slack variables correspond to the flow going from a super-origin g to each vertex i € V. Hence, we
denote by x,; these additional slack variables. Also, we can rewrite variables s; as flow variables x;, representing the flow coming
into a super-destination r from each vertex i € V. We denote by é;” the directed graph obtained from G y by adding vertices g and

r along with their incident arcs (i.e., there is an arc in é; from ¢ to i and from i to r for every i € V). With these transformations,
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we can reformulate M7(y) as follows:

maximize Zpg(y)(x) = Z dijxij
(i,))€A

subject to qu,- =1 (@)
icV
Zx,-, =1 (b)

Ms(y) iev ©)
Xij + Xgi — Z xji—xip =0 VieV ©

jlG, jHeA JlG,ieA
Xij = Yij Vi, j)eA (@
Xgis Xip > 0 VieV ()
xij >0 V@i, j)eA. ()

Note that the redundant constraint (9)(a) is derived by summing the flow conservation (9)(c) over i € V. It is well-known that
any feasible solution to this network flow formulation contains an elementary path from ¢ to 7 in G;r (along with a finite number of

circuits) [1]. Since each such elementary path is formed of one arc going out of g, an elementary path in G y and one arc going into
r, the optimal value of this maximization problem is at least equal to the length L(P) of the longest elementary path P in G If
G y is circuit-free, then Z(Mg(y)) = L(P) = A(G ;). Otherwise (i.e., if G y contains a circuit), Z(Mg(y)) is possibly strictly larger
than A(G y)-

Proposition 9. ming_, ) A(G) = minyey Z(Ms(y)).

Proof. Consider a vector y* € ¥ such that Z(Ms(y*)) = minyey Z(Ms(y)). Then Z(Mg(y*)) = A(Gy+) = ming g M(G).
Conversely, consider an orientation G* such that A(G*) = ming 2(G) M(G). According to Lemma 4, we may assume that
G* is circuit-free. Let y* be the vector in Y such that G* = G,~. We then have minée()(c) MG) = MG y) = Z(Mg(y*)) =
minyey Z(Mg(y)). ®
It follows from all previous propositions that
xa(G) — 1 = Z(Ms)
rpin Z(Mg(y))

min A(G)
Ge(G)

According to Lemma 4, there exists a circuit-free orientation G* of G such that A(é*) = ming, 2(G) A(é). Hence Theorem 3 is
proved.
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